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Abstract
Kohn-Sham density functional theory is the base of modern computational approaches to electronic struc-
tures. Their accuracy vitally relies on the exchange-correlation energy functional, which encapsulates electron-
electron interaction beyond the classical one. The functional provides a way to obtain the density and energy
without solving the many-body equation and can, in principle, be determined to reproduce the exact ones univer-
sally. However, the past approaches are dependent on the theoretical development, which limits the possibility
of the functional to human’s intuition. Here, we demonstrate a systematic way to machine-learn a functional
from a database, without complicated assumptions. The density and energy are related with a flexible feed-
forward neural network, which is trained to reproduce accurate dataset, and the KS-DFT is solved by taking the
functional derivatives with the back-propagation technique. Surprisingly, a trial functional, trained for just a few
molecules, has been shown to be applicable to hundreds of molecular systems with comparable accuracy to the
standard functionals. Also, by adding the nodes connected to the hidden layers, a non-local term is straightfor-
wardly included to improve accuracy, which has been hitherto impractically difficult. Utilizing the strategy of
rapidly advancing machine learning techniques, this novel approach is expected to enrich the DFT framework
by constructing a functional just from a database for materials conventionally difficult to calculate accurately.
Introduction
Kohn-Sham (KS) density functional theory (DFT) [1, 2] is regarded as the standard method in theoretical study
on electronic structures of materials. Although its practical accuracy has been established through applications to
a wide range of systems including molecular and bulk materials, there is a growing need for more accurate and
universal functional to extend the scope of its application. In this theory, the solution of the KS equation[
−
∇2
2
+Vion(r)+
∫
dr′
n(r′)
|r−r′|
+Vxc(r)
]
ϕi(r)=εiϕi(r), (1)
with the density n(r) calculated by summing |ϕi(r)|
2 for all the occupied states, yields the total energy as well
as electron density distribution of an interacting electron system under the ionic potential Vion. The exchange-
correlation (xc) potential Vxc is ideally a non-local functional, where its value at r is affected by the whole density
distribution{n}. However, its explicit form has yet been elusive. Enormous effort has been devoted to development
of functionals either in purely local forms, where Vxc(r) depends only on n(r), or in semi-locally corrected forms
using density gradient ∇n(r) or KS orbital {ϕi}, thereby gradually climbing the so-called Jacob’s ladder [3] of
accuracy at the price of complexity and computational cost. In order to determine the actual functional form,
complicated and heuristic procedures have been required: One generally has to exploit elaborate approximations
based on the perturbation theory, analyses of asymptotic behaviors of physical quantities, and fitting to references
such as numerically expensive calculations and experimental observations. Moreover, Medvedev and coworkers
have warned that, although some modern functionals thus formulated could yield highly accurate energy-related
quantities, they give less accurate density distribution than those from previous functionals [4].
The pivotal problem is that, unlike the perturbation theory for the physical quantities [5], the formula of Vxc is
difficult to derive since it is defined implicitly – the function that reproduces the exact {n} through Equation (1)
in any systems. Alternatively, a machine-learning (ML) approach was proposed to construct an explicit form of
Vxc [6, 7]. This idea was tested previously for a one-dimensional (1D) model by training the neutral-network
(NN) mapping n→ Vxc to reproduce accurate reference pairs of [n, Vxc], which had been prepared by numerically
solving the many-body Schro¨dinger equation under various external potentials [6, 7]. The resulting NN xc-potential
was demonstrated to be applicable (transferable) even to unreferenced external potentials. Without any physical
conditions for the xc-potential in that model system, the ML scheme remarkably extracted the essential structure
of Vxc. This result suggests a possibility to accurately construct Vxc for a system where the asymptotic behavior or
theoretical guide is not available. We demonstrate this is also the case for real three-dimensional and spin-polarized
materials, and suggest a systematic improvement of a functional by introducing complexity over the conventional
theoretical construction, deriving from a database.
The previous studies take the whole density distribution as the input of the ML with fixing the size of target
systems. When applying this NNmethod to real materials, however, it is impractical as the size of target system can
be changed. This problem can be avoided by splitting the xc-energy into local energy density, as most conventional
functionals do. Precisely, we assume the following form for the xc-energy Exc[n] to obtain the xc-potential by
Vxc(r) = δExc/δn(r):
Exc[n] ≡
∫
dr n(r)εxc(g[n](r)), (2)
where g[n](r) represents any local or non-local variables (descriptors) to include effect of the density distribution
around r. Most of the existing functionals adopt local spin density approximation(LSDA) [8, 9], generalized gra-
dient approximation(GGA) [10, 11, 12], or meta-GGA [13, 14, 15], by defining g[n](r) as (n(r), ζ(r) ≡ (n↑(r)−
n↓(r))/n(r)), (n(r), ζ(r), s(r) ≡ |∇n(r)|/[2(3pi
2)1/3n4/3(r)]), or (n(r), ζ(r), s(r), τ(r) ≡ 1/2
∑
occ
i |∇φi(r)|
2)
respectively. In this study, the xc-energy density εxc(r) is formulated with the feed-forward NN with H layers,
which is a vector-to-vector mapping u→ v represented by
v = hH(...(h2(h1(u)), (3)
hi(x) ≡ f(xWi + bi). (4)
where the hi represents the i-th layer of the NN, and the input vector x is non-linearly transformed by the activation
function f after linearly transformed by the weight parameters Wi and bi. To evaluate the functional derivative of
δExc/δn(r), we utilize the backpropagation technique [16], which is an efficient algorithm to differentiate a NN
applying the chain rule. This NN form thus relates {n(r)} and {Vxc(r)} to be incorporated into the KS equation.
In this case, we define u as the local density descriptors g[n](r) and v as one-dimensional vector εxc(r) (Fig. 1).
See the Method section for more details.
There exist some remarkable advantages of incorporating the NN scheme into KS-DFT. The intrinsically com-
plicated structure of the xc-functional can be reproduced by the NN because of its ability to represent any well-
behaved functions just by increasing the number of nodes [17], which in our case is the dimension of the matrices
W1 to WH . By optimizing (training) its parameters in the spirit of ML – extracting hidden relationship from a
database without assumption, we expect that the NN can extract the essence of electron-electron interaction and
systematically imitate the complicated xc-functional. ML approaches have been previously applied to relate struc-
tural properties of materials with physical quantities with bypassing an electronic structure theory, as is done in the
materials informatics [18, 19], but the trained ML model thus obtained often fails to be applicable for materials
whose constituent elements are not covered in the training dataset. On the contrary, by taking the electron density
only as the input of ML as is done in the orbital free DFT [20, 21], one can expect better transferability because the
density is a common property of material. The orbital free DFT, however, requires us to construct the functional
for the kinetic energy of an interacting system, which should be more challenging than to explicitly evaluating the
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non-interacting kinetic energy in the KS-DFT framework. Also, within the KS-DFT framework, incorrect spatial
oscillation in the density distribution caused by an overfitting can be suppressed as shown in ref.[6]. For those
reasons, we target the construction of xc-functional expecting that the the electrons’ property can be learned most
easily, with reducing the prerequisite cost of preparing the training dataset and leading to higher transferability, as
has the conventional KS-DFT functionals been successful for various materials.
We prepared four types of input vector g: LSDA, GGA, meta-GGA, and also a new formulation that we call
“near region approximation” (NRA) by defining g[n](r) = (n(r), ζ(r), s(r), τ(r), R(r)),
where R(r) ≡
∫
dr′n(r′) exp(−|r− r′|/σ). Gunnarsson et al. [22] showed that such an averaged density around r
describes εxc(r) efficiently, therefore we added it into the g of meta-GGA. Construction of this non-local functional
has not been popular except for the van der Waals functional, because of (a) absence of appropriate asymptotic form
or other theoretical guide and (b) difficulty of fitting.
To test the performance of this method, we constructed a functional using only a few molecules with their op-
timized geometry to train the NN. We chose the three molecules according to the following criteria: The structures
of the molecules should be distinct from each other and have low symmetry. Electrically-polarized molecules are
preferred to include to deal with cases where optimized orbitals are highly distorted from the atomic orbitals. Also,
it is most important to include at least one spin-polarized molecule, which is necessary for determining the depen-
dency on spin-polarization ζ . Following those criteria, three simple molecules, H2O, NH3, and NO are selected as
the the reference molecules. Note that the NO radical is spin-polarized.
The functionals are trained to reproduce the atomization energy (AE) and the density distribution (DD) of
the reference molecules. We prepared the energy and density by performing accurate quantum chemical calcu-
lations [23, 24], which are more accurate methods than DFT. We choose AE instead of the total energy (TE)
considering that typical errors by conventional functionals for TE (∼hartree) is much larger than that for AE (∼eV
or kcal/mol. See Table 1.). The larger error would suggest the difficulty of reproducing TE within the semi-local
approximations, while the relative energy such as AE can be predicted more accurately due to the error cancel-
lation. It is also worth emphasizing that DD contains abundant information of electronic structure all over the
three-dimensional space, which can contribute to determining the large number of NN parameters. We choose the
above conditions just for demonstration, although it remains a target of future study how the accuracy depends on
the choice of training dataset.
The training was performed by a Metropolis-type update of NN parameters to reproduce the training data: At
each Monte-Carlo step, KS-DFT calculation is performed using the NN-based functional under training, and errors
for AE and DD of the three molecules are evaluated for update of parameters. This procedure is repeated until the
errors become minimized. See the Method section for computational details.
Results and Discussions
Using the trained NN-based functionals, we calculated properties of the hundreds of systems[24, 25], which consist
of first to third row elements (Table 1). The performances are compared with those calculated with the existing
analytic functionals. Among various functional developed to date [26], we selected the representative (semi-)local
and hybrid functionals [8, 9, 10, 11, 12, 13, 14, 15, 27, 28, 29]. For all the properties including unreferenced
ones (BH and TE), the NN-based functionals are superior or comparable in the accuracy to existing functionals
at each approximation level, which are implemented in most of DFT packages and widely used. For AE and TE,
the non-local NRA type functional is comparable to the hybrid functionals, which are partly containing non-local
effect and fitted to more than 100 systems. Remarkably, the NN-based functionals are applicable to a wider range
of materials and unreferenced quantities even though they are trained for the small training dataset. This fact would
look non-trivial in the context of existing methods of ML for predicting material properties such as the materials
informatics. This transferability reflects the advantage of our method of treating electron density, which is common
to any material, as the input of ML mapping. It is also surprising that NN-LSDA works far better than SVWN for
the test systems. Tozer et al. [30] showed that, within the LD approximation, the energy density functional cannot
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be determined uniquely because the xc-potential takes several values for the same local n(r), as it is actually non-
local. From the many choices to determine the dependence on n(r), the conventional LSDA has been adjusted
to uniform electron gas, while our functional can be contrasted as “LSDA adjusted to molecular systems. As the
approximation level goes up (GGA, meta-GGA, NRA), the mapping g → εxc becomes less multivalued, hence
the accuracy tend to be improved as exhibited in Fig. 2. Those results suggest that systematic improvement of the
functional is realized by adding further descriptors to g, and by training with density distributions.
We also applied the NN-based meta-GGA functional to the bond dissociation of C2H2 and N2, comparing to the
existing meta-GGA functionals as shown in Fig. 3. The smoothness of their dissociation curves is not guaranteed
in the conventional ML methods which skip the KS equation by relating the energy-related quantities directly
with atomic configurations [18, 19, 21]. This signifies the advantage of explicitly solving the KS equation, where
the kinetic energy operator mitigates unphysical noises of electron density due to possible overfitting, thereby
enhancing the transferability of the functional out of the training dataset, as shown in ref.[6].
The NN-based meta-GGA functional is analyzed by plotting enhancement factor relative to the xc-functional
of LSDA [8, 9], which corresponds to energy density in the uniform electron gas(UEG) limit:
Fxc[n] ≡
εxc[n]
εUEGxc (n, ζ)
. (5)
As shown in Fig. 4, the NN-based functional behaves similarly to the representative functionals, except for the limits
s → +0 and τ → τW + 0. The latter behavior is due to the fact that the training data does not cover those limits.
Although the behavior of Fxc in these limits had little effect for the present test systems, it would be more desirable
for broader applicability if Fxc can be constrained explicitly to satisfy several exact conditions [31]. Such possibility
has also been recently pursued in the ML functional community [7, 32]. Interestingly, in the small s regime (within
the range of the training data), our Fxc showed a trend to converge to the exact asymptotic forms as functions of
rs and ζ , which the other functionals are analytically enforced to satisfy, as seen in the upper left two panels. This
result suggest that the proper asymptotic forms may be automatically reproduced with practical accuracy through
the ML approach; this should be convenient for expanding the frontier of DFT with unconventional non-local
variables such as in our NRA, for which the exact asymptotic behavior is not straightforwardly derived.
In summary, we propose a systematic ML approach to the accurate and transferable xc-functional for the KS-
DFT. Our results suggest that the improvement can be made with a simple strategy: Prepare a maximally flexible
NN-based functional form and train it with physical or available chemical properties of appropriate materials. Al-
though the existing analytic functionals have been conventionally constructed through complicated heuristic proce-
dures, the NN-based functionals can rather be constructed only with minimal assumption on the functional form. In
fact, we easily introduce the non-locality with additional descriptors such asR by virtue of this ML’s ability. Unlike
the improvement by introducing orbital-dependent terms[3], our method keeps the classical framework of solving
the KS equation within the ordinary DFT computational cost to introduce the non-locality, which keeps the calcula-
tion to be executable for large systems, and can be a novel path toward the numerically exact functionals alternative
to the Jacob’s ladder. In this work, we have tested our method just using only three reference molecules and ob-
tained the promising result. However, further applications remains to be studied to make a functional applicable
for conventionally difficult targets such as materials with self-interaction, dispersion force or static correlation. In
those non-trivial applications, we expect development of DFT over the theoretical understanding of human beings.
Methods
Structure of the NN-based functional.
We formulate the xc-energy density as
εxc(n,g) = −n
1
3
1
2
{(1 + ζ)
4
3 + (1− ζ)
4
3 }GNNxc (g). (S1)
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The first factor n
1
3 corresponds to the Slater exchange energy density [8], and the second one is from spin-scaling
approximation for exchange energy of uniformly-spin-polarized electron gas [33]. They are the minimal physical
conditions introduced to initial state of the NN close to the goal. The remaining correction GNNxc is constructed
using the fully-connected NN defined in Equation 3 with four layers:
GNNxc (g) = 1 + h4(...(h1(log g)) (S2)
Note that each element of g is preprocessed as shown below if included:
n→ log n
1
3 ,
ζ → log
(
1
2
{(1 + ζ)
4
3 + (1− ζ)
4
3 }
)
,
s→ log s, (S3)
τ → log
(
τ
n
5
3{(1 + ζ)
5
3 + (1− ζ)
5
3 }
)
,
R→ logR.
These transformations are introduced to facilitate the optimization of NN by making g dimensionless, suppressing
the change in the magnitude, and regularizing the variance ranges of all input elements to be similar. For the
activation function f , we adopted the smooth non-linear activation function named “Exponential Linear Unit” [34]
which is defined as f(x) = max(0, x)+min(0, ex−1). The last layer hH is designed to keep the value of εxc to non-
positive. The dimensions of the parameter matrices and bias vectors are as follows: dimW1 = N×100, dimW2 =
dimW3 = 100× 100, dimW4 = 100× 1, dimb1 = dimb2 = dimb3 = 100, dimb4 = 1), where N represents the
number of elements in g.
Functional with non-local density distribution.
We suggest a functional form treating non-locality by introducing a non-local descriptor:
Exc[n] =
∫
dr n(r)εxc(g[n](r)) (S4)
g[n](r) = (glocal(r), R(r)) (S5)
R(r) =
∫
dr′n(r′)d(r, r′) (S6)
glocal(r) represents (semi-)local descriptors such as n(r), s(r), or τ(r), while R(r) includes weighted density
distribution around r, with the weight function d(r, r′) vanishing at the |r − r′| → ∞ limit. As a result of the
non-locality, the functional derivative contains integration over the whole space:
Vxc[n](r) =
δExc
δn(r)
=
∂{n(r)εxc(g[n](r))}
∂glocal(r)
·
δglocal(r)
δn(r)
+
∫
dr′
∂{n(r′)εxc(g[n](r
′))}
∂R(r′)
d(r, r′).
(S7)
We implemented those integration numerically on the same grid pints to those used in the exchange-correlation
integration. The cost of evaluating the xc-potential is proportional to the square of system size. In this work, we
defined the d(r) as exp (−|r− r′|/σ). σ was fixed to 0.2 bohr. This is derived from the inverse of the Fermi
wavenumber, which is known to be the typical distance where the contribution to exchange-correlation hole at
r from r′ decays [22]., in the H2O molecule estimated from the density distribution calculated by the CCSD
calculation (averaged over the grids used for the numerical integration).
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Training the NN-based functional.
We use the Monte Carlo method by repeating the following steps to train the NN:
1. At the t-th iteration, add a perturbation δwt to weightswt in NN.w represents both elements in the matrices
{Wi} and the vectors {bi}. Each element in δw
t is generated randomly from normal distribution N(0, δw).
2. Conduct the KS-DFT calculation for the target molecules and atoms to evaluate the cost function ∆ierrin
Equation (S9) using the NN-based functional with the weight-parameters wt + δwt.
3. According to a random number p generated from uniform distribution in (0,1) and the acceptance ratio P
defined as below, decide whether to accept or reject the weight-perturbation δwt.
P = exp
(
−
∆terr −∆
t−1
err
T∆t−1err
)
(S8)
If P > 1: Set wt+1 = wt + δw and restart from step 2.
If p < P < 1: Set wt+1 = wt + δw and restart from step 1.
If P < p: Set wt+1 = wt and restart from step 1.
We repeated those steps with making δw and T smaller, until the error function becomes small enough. The
cost function ∆err is defined as
∆err =c1(∆
G2AEH2O +∆
G2AENH3 +∆
G2AENO)/E0
+ c2(∆
CCSDnH2O +∆n
CCSD
NH3
+∆CCSDnNO),
(S9)
where ∆G2AE represents the absolute deviation of the atomization energy in hartree from the G2 calculation,
and E0 was set to 1 hartree. The ∆
CCSDn represents the error between n obtained by the DFT and the CCSD
calculation:
∆CCSDnM =
1
Ne
√∫
dr
(
nDFT
M
(r)− nCCSD
M
(r)
)2
, (S10)
where Ne represents the number of electrons in the molecule M . The integrations are conducted numerically on
grid points which is the same to those used in exchange-correlation integration of KS equation (See PySCF [35]
document for details, the default DFT setting is adopted in all calculation through this work.). TheE0 is adjusted so
that the contributions from the two terms become almostly same at the initial step of the training. c2/c1 determines
the balance of the two terms. In this study, E0 and c2/c1 was fixed to 10 hartree and 1 respectively, for the training
of any type of functional.
In the training of each NN-based functional, the whole steps were conducted for about 300 times. The initial
T and δW are set to 0.1 and 0.01. At the final step, they are reduced to 0.06 and 0.005 respectively. The whole
steps were conducted in parallel with 160 threads by ISSP System C, and the weight parameters which minimize
the cost function the most were adopted finally.
Computational details.
All of the DFT and the CCSD calculation in our work were implemented using PySCF code with 6-311++G(3df,3pd)
basis set was used for both in training of the NN-based functionals and in testing accuracies of the functionals. For
the NN implementation, we used Pytorch package [36]. The NN-based functionals could cause a convergence issue
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due to poor extrapolation when they are applied to density far from that included in training dataset, therefore the
initial density guess of self-consistent DFT should be close enough to the final destination. In this work, initial
guess of Kohn-Sham density is given by a superposition of atomic density, and under this condition, there was no
convergence issues.
Data availability
The trained NN parameters are available in https://github.com/ml-electron-project/NNfunctional with usages in the
PySCF code.
Acknowledgements
R.N. thanks Takahito Nakajima for enlightening comments. Part of the calculations were performed at the Super-
computer Center at the Institute for Solid State Physics in the University of Tokyo.
Author contributions
R.N. established the method and conducted the calculation. R.N., R.A., and O.S. contributed in analyzing the
results and writing the manuscript.
Competing interests
The authors declare no competing interests.
References
[1] Hohenberg, P. & Kohn, W. Inhomogeneous electron gas. Phys. Rev. 136, B864–B871 (1964).
[2] Kohn, W. & Sham, L. J. Self-consistent equations including exchange and correlation effects. Phys. Rev. 140,
A1133–A1138 (1965).
[3] Perdew, J. P. & Schmidt, K. Jacob’s ladder of density functional approximations for the exchange-correlation
energy. AIP Conference Proceedings 577, 1–20 (2001).
[4] Medvedev, M. G., Bushmarinov, I. S., Sun, J., Perdew, J. P. & Lyssenko, K. A. Density functional theory is
straying from the path toward the exact functional. Science 355, 49–52 (2017).
[5] Mahan, G. D. Many-Particle Physics (Physics of Solids and Liquids) (Springer, Berlin, 2000).
[6] Nagai, R., Akashi, R., Sasaki, S. & Tsuneyuki, S. Neural-network kohn-sham exchange-correlation potential
and its out-of-training transferability. J. Chem. Phys. 148, 241737 (2018).
[7] Schmidt, J., Benavides-Riveros, C. L. & Marques, M. A. L. Machine learning the physical non-local
exchange-correlation functional of density-functional theory. Preprint at http://arxiv.org/abs/1908.06198
(2019).
[8] Slater, J. C. A simplification of the hartree-fock method. Phys. Rev. 81, 385–390 (1951).
[9] Vosko, S. H., Wilk, L. & Nusair, M. Accurate spin-dependent electron liquid correlation energies for local
spin density calculations: a critical analysis. Canadian Journal of Physics 58, 1200–1211 (1980).
7
[10] Becke, A. D. Density-functional exchange-energy approximation with correct asymptotic behavior. Phys.
Rev. A 38, 3098–3100 (1988).
[11] Lee, C., Yang, W. & Parr, R. G. Development of the colle-salvetti correlation-energy formula into a functional
of the electron density. Phys. Rev. B 37, 785–789 (1988).
[12] Perdew, J. P., Burke, K. & Ernzerhof, M. Generalized gradient approximation made simple. Phys. Rev. Lett.
77, 3865–3868 (1996).
[13] Tao, J., Perdew, J. P., Staroverov, V. N. & Scuseria, G. E. Climbing the density functional ladder: Nonempir-
ical meta–generalized gradient approximation designed for molecules and solids. Phys. Rev. Lett. 91, 146401
(2003).
[14] Sun, J., Ruzsinszky, A. & Perdew, J. P. Strongly constrained and appropriately normed semilocal density
functional. Phys. Rev. Lett. 115, 036402 (2015).
[15] Zhao, Y. & Truhlar, D. G. A new local density functional for main-group thermochemistry, transition metal
bonding, thermochemical kinetics, and noncovalent interactions. J. Chem. Phys. 125, 194101 (2006).
[16] Rumelhart, D. E., Hinton, G. E. & Williams, R. J. Learning representations by back-propagating errors.
Nature 323, 533–536 (1986).
[17] Hornik, K. Approximation capabilities of multilayer feedforward networks. Neural Networks 4, 251 – 257
(1991).
[18] Xie, T. & Grossman, J. C. Crystal graph convolutional neural networks for an accurate and interpretable
prediction of material properties. Phys. Rev. Lett. 120, 145301 (2018).
[19] Chandrasekaran, A. et al. Solving the electronic structure problem with machine learning. npj Computational
Materials 5, 22 (2019).
[20] Snyder, J. C., Rupp, M., Hansen, K., Mu¨ller, K.-R. & Burke, K. Finding density functionals with machine
learning. Phys. Rev. Lett. 108, 253002 (2012).
[21] Brockherde, F. et al. Bypassing the kohn-sham equations with machine learning. Nat. Commun. 8, 872
(2017).
[22] Gunnarsson, O., Jonson, M. & Lundqvist, B. I. Descriptions of exchange and correlation effects in inhomo-
geneous electron systems. Phys. Rev. B 20, 3136–3164 (1979).
[23] Purvis, G. D. & Bartlett, R. J. A full coupled-cluster singles and doubles model: The inclusion of disconnected
triples. J. Chem. Phys. 76, 1910–1918 (1982).
[24] Curtiss, L. A., Raghavachari, K., Redfern, P. C. & Pople, J. A. Assessment of gaussian-2 and density func-
tional theories for the computation of enthalpies of formation. J. Chem. Phys. 106, 1063–1079 (1997).
[25] Zhao, Y., Gonza´lez-Garcı´a, N. & Truhlar, D. G. Benchmark database of barrier heights for heavy atom trans-
fer, nucleophilic substitution, association, and unimolecular reactions and its use to test theoretical methods.
J. Phys. Chem. A 109, 2012–2018 (2005).
[26] Mardirossian, N. & Head-Gordon, M. Thirty years of density functional theory in computational chemistry:
an overview and extensive assessment of 200 density functionals. Mol. Phys. 115, 2315–2372 (2017).
[27] Ernzerhof, M. & Scuseria, G. E. Assessment of the perdew-burke-ernzerhof exchange-correlation functional.
J. Chem. Phys. 110, 5029–5036 (1999).
8
[28] Stephens, P. J., Devlin, F. J., Chabalowski, C. F. & Frisch, M. J. Ab initio calculation of vibrational absorption
and circular dichroism spectra using density functional force fields. J. Phys. Chem. 98, 11623–11627 (1994).
[29] Zhao, Y. & Truhlar, D. G. The m06 suite of density functionals for main group thermochemistry, thermo-
chemical kinetics, noncovalent interactions, excited states, and transition elements: two new functionals and
systematic testing of four m06-class functionals and 12 other functionals. Theor. Chem. Acc. 120, 215–241
(2008).
[30] Tozer, D. J., Ingamells, V. E. & Handy, N. C. Exchange-correlation potentials. J. Chem. Phys. 105, 9200–9213
(1996).
[31] Perdew, J. P. et al. Prescription for the design and selection of density functional approximations: More
constraint satisfaction with fewer fits. J. Chem. Phys. 123, 062201 (2005).
[32] Hollingsworth, J., Li, L. ., Baker, T. E. & Burke, K. Can exact conditions improve machine-learned density
functionals? J. Chem. Phys. 148, 241743 (2018).
[33] Oliver, G. L. & Perdew, J. P. Spin-density gradient expansion for the kinetic energy. Phys. Rev. A 20, 397–403
(1979).
[34] Clevert, D.-A., Unterthiner, T. & Hochreiter, S. Fast and accurate deep network learning by exponential linear
units (elus). ICLR2016 (2015).
[35] Sun, Q. et al. Pyscf: the python-based simulations of chemistry framework. Wiley Interdisciplinary Reviews:
Computational Molecular Science 8, e1340 (2017).
[36] Paszke, A. et al. Automatic differentiation in pytorch. In NIPS-W (2017).
9
Hidden layersInput
Output
Figure 1: Structure of NN-based meta-GGA type functional.
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Figure 2: Improving accuracy for atomization energy (AE147), reaction barrier height (BH147), and total energy
(TE147) with improving accuracy for density distribution (DD147) and increasing descriptors in the functionals,
corresponding to Table 1. The closed and open markers represent accuracy of existing and the NN-based functionals
respectively.
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Figure 3: Dissociation curve of C2H2 (upper) and N2 (lower), calculated by the NN-based and existing meta-
GGA functionals. For C2H2, the two C-H bonds are dissociated symmetrically along the original bond direction.
Horizontal axis shows the bond length, and vertical axis shows energy relative to the atomized limit (Eatomized).
The green dashed lines and “x” marks show the bond lengths and the atomization energies from experiments [24].
The “o” marks show the peak of each curve.
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rs=1bohr n↑=n↓ τ=τunif
rs=1bohr n↑=n↓ τ=τunif
Figure 4: Behaviors of functionals around typical ranges of density distributions. The vertical axis are defined as
Equation (5). Meta-GGA type functionals have four variables, and the panels show the dependence on one of them
while the others are fixed. rs ≡ (3/4pin)
1/3 represents average distance between electrons. In a typical metal,
rs ∼ 1bohr. τunif ≡ (3/10)(3pi
2)2/3n5/3, τW ≡ |∇n|
2/8n represents τ at UEG limit and single-orbital limit
respectively[13]. To examine the behavior in the approximately UEG limit, we set s = 0.05 (three of the upper
panels); s > 0.05 for more than 99% of the training data.
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AE147a DD147b BH76c TE147d
(kcal/mol) - (kcal/mol) (hartree)
SVWN 84.2 0.0059 15.4 1.28
NN-LSDA 30.9 0.0036 13.8 0.90
BLYP 7.3 0.0024 7.9 0.41
PBE 17.0 0.0018 11.5 0.21
NN-GGA 11.0 0.0018 9.6 0.42
TPSS 6.2 0.0017 8.7 0.48
SCAN 6.1 0.0016 7.7 0.28
M06-L 5.2 0.0019 4.1 0.42
NN-metaGGA 4.7 0.0013 4.7 0.14
PBE0 5.3 0.0014 5.0 0.23
B3LYP 4.5 0.0019 4.7 0.36
M06 3.7 0.0019 2.7 0.35
NN-NRA 3.7 0.0013 5.5 0.08
Table 1: Mean absolute error (MAE) of NN-based functionals and existing analytic functionals for (a)atomization
energy (AE), (b)density distribution (DD, see Equation (S10) in the Methods for the definition), (c)chemical barrier
height(BH), and (d)total energy (TE). (a) and (d) refer to the G2 method for 147 molecules listed in [24], (b) to the
CCSD [23] calculation for the same molecules, and (c) to the 76 reactions in [25]. The prefix “NN” represents the
NN-based functional. All of the DFT and CCSD calculation were performed using the 6-311++G(3df,3pd) basis
set and implemented in PySCF[35], except for the DFT with existing LSDA, GGA, meta-GGA functionals for BH,
where the value is cited from [14], because of ill-convergence problems of some functionals in PySCF for systems
including H2. For the same reason, the H2 molecule listed in [24] is excluded from the MAE in (a), (c), and (d).
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